We theoretically investigate thermalization and spin diffusion driven by a quantum spin bath for a realistic solid-state NMR experiment. We consider polycrystalline L-alanine, and investigate how the spin polarization spreads among several 13 C nuclear spins, which interact via dipole-dipole coupling with the bath of strongly dipolar-coupled 1 H nuclear (proton) spins. We do this by using direct numerical simulation of the many-spin time-dependent Schrödinger equation. We find that, although the proton spins located near the carbon sites interact most strongly with the 13 C spins, this interaction alone is not enough to drive spin diffusion and thermalize the 13 C nuclear spins. We demonstrate that the thermalization within the 13 C subsystem is driven by the collective manybody dynamics of the proton spin bath, and specifically, that the onset of thermalization among the 13 C spins is directly related to the onset of chaotic behavior in the proton spin bath. Therefore, thermalization and spin diffusion within the 13 C subsystem is controlled by the proton spins located far from the C sites. In spite of their weak coupling to the 13 C spins, these far-away protons help produce a network of strongly coupled proton spins with collective dynamics, that drives thermalization.
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I. INTRODUCTION
Thermalization via spin diffusion is ubiquitous in many-spin systems, governing their most fundamental dynamical properties [1] [2] [3] . Understanding the dynamics of thermalization and spin diffusion is crucial for a broad range of applications, from control and protection of the qubit dynamics in the quantum information processing devices [4] [5] [6] [7] , to elucidating the structure and the functions of the biomolecules via solid-state NMR (ssNMR) [8] [9] [10] [11] [12] [13] [14] . However, thermalization dynamics in quantum systems is not fully understood due to complexity of the problem. Thermalization is a result of the quantum non-equilibrium evolution of a large number of interacting spins. Dynamics of the spin diffusion and its quenching by disorder is tightly related to important but poorly studied phenomena, such as onset of quantum chaos [15] [16] [17] [18] in many-spin systems and in few-spin systems coupled to their many-spin environments.
Progress in understanding thermalization and spin diffusion has been achieved recently by studying wellcontrolled systems, such as chains of trapped ions [19, 20] and atomic 1D and 2D lattices [21] [22] [23] . At the same time, ssNMR constitutes an important test case for thermalization and spin diffusion in quantum many-spin systems [24] [25] [26] [27] ; these phenomena underlie many fundamental ssNMR techniques such as coherence and polarization transfer, measurement of the inter-nuclear distances via spin diffusion rates, and ssNMR-based structural analysis [10, 11, 28] . However, the typical systems studied in real ssNMR experiments are very complex, comprising many different nuclear species having anisotropic chemical shifts, subject to time-periodic modulation of the Hamiltonian parameters via magic angle spinning (MAS), and controlled by strong external driving. Microscopic description of thermalization in such systems is a challenge: it is still not clear which microscopic effects govern thermalization and polarization/coherence transfer, and to which extent the existing theoretical tools can describe spin diffusion at the microscopic level in systems of such complexity [17, [29] [30] [31] [32] .
In this article, we theoretically study thermalization and spin diffusion in realistic ssNMR settings, considering polycrystalline powder of alanine, and taking into account all relevant experimental details (spatial arrangement of the nuclei, their anisotropic chemical shifts, periodic modulation of the Hamiltonian by MAS, etc). We argue that the dynamics of thermalization in ssNMR experiments (in our case, thermalization between different 13 C spins) is governed by collective many-body quantum effects, namely by emergence of the chaotic dynamics in the surrounding spin environment (in our case, the nuclear spins of the hydrogen atoms, i.e. the proton spins). We show that even those proton spins that are located far away from the 13 C spins, and thus are practically decoupled from them, still critically affect thermalization, due to essential many-body nature of the collective chaotic dynamics of the proton spin environment. Traditionally, spin diffusion in ssNMR experiments is described via semi-phenomenological Bloch-Redfield-type theories [33] [34] [35] ; their validity relies on the heuristic notion of the "network of strongly coupled proton spins". Our work provides formalization for this notion in terms of the spectral properties of the proton spin subsystem.
II. QUALITATIVE CONSIDERATIONS
Thermalization in many-spin systems usually occurs via flip-flop transitions, when two coupled spins exchange their polarization. If the local magnetic fields at the two spin sites differ significantly (in our case, different 13 C spins have different Larmor frequencies due to different chemical shifts) the flip-flop transitions are suppressed because of the mismatch in the Zeeman energies, and the spin diffusion may be quenched (onset of localization) [36, 37] . In such case, the external time-dependent noise can assist spin diffusion: the time-varying random local fields occasionally bring the Larmor frequencies of the spins close to each other, enabling the flip-flops, and thus promoting thermalization. Specifically, the 13 C spins occupying two chemically inequivalent sites with different chemical shifts, can equalize their polarizations if assisted by the noise created by the surrounding bath of proton spins [33, [38] [39] [40] (proton-driven spin diffusion, PDSD).
Viewed in this way, thermalization via proton-driven spin diffusion is an ssNMR representative of a typical situation of a few-spin central system ( 13 C spins) coupled to the large quantum spin environment ( 1 H spins). The standard theoretical analysis of the proton-driven spin diffusion [33] [34] [35] ) is based on the Bloch-Redfield theory. It assumes that the protons form a dense network of strongly coupled spins, possessing fast dynamics that quickly erases all correlations in the proton spin bath. Under this assumption, the action of the actual manyspin quantum system (the proton spin bath) is replaced by a classical time-varying random magnetic field, which leads to complete thermalization of the 13 C spins. On the other hand, it is not unusual to see the results of the ssNMR experiments in stark disagreement with the predictions of the standard theory [24, 32, [41] [42] [43] , and the origins of this disagreement are not properly understood. Our results demonstrate an important reason for possible failure of the standard spin diffusion theory.
It is natural to expect that the local noise at the C sites is determined by the nearby proton spins, so these protons will be most essential for driving the spin diffusion, while the protons located far away from the 13 C sites, including the protons from other molecules, will have negligible effect. However, we show that this view is oversimplified because the "far-away" protons are critically needed for the collective ergodic dynamics of the noise created by the proton spin environment [3, 24, 44] . In particular, we show that, if the bath is not ergodic then the proton environment does not act like a noise, and thermalization is quenched. Thus, the "far-away" proton spins, in spite of contributing very little to the local noise, become as important as the nearby protons in thermalizing the 13 C spins. In order to make conclusive statements, we perform theoretical studies taking into account the conditions of real ssNMR experiments. We investigate thermalization in L-alanine (below we often drop the "L" prefix), starting with one polarized 13 C spin in an otherwise unpolarized system (cf. Fig. 1 ), and watching the spreading of its polarization to the other 13 C spins. In comparison with other systems typically studied in the context of thermalization, all parameters of this system are fixed (no random potential) and well known (no fitting), but, at the same time, the system is very complex, as is typical for ssNMR, exhibiting non-trivial thermalization and spin diffusion controlled by the collective many-body effects: it is 3-dimensional, includes long-range couplings, with the Hamiltonian modulated in time.
The rest of the article is organized as follows. In the next section, Sec. III, we provide a detailed description of the system and present qualitative discussion. In Sec. IV, we describe in detail the numerical simulation methods. Results of our simulations are discussed in Sec. V and conclusions are given in Sec. VI.
III. DESCRIPTION OF THE SYSTEM A. Nuclear spins in alanine
An L-alanine crystal has orthorhombic structure with the space group P2 1 2 1 2 1 , and has four alanine molecules per unit cell. The unit cell dimensions are a = 6.0 Å, b = 12.3 Å and c = 5.8 Å. For the polycrystalline alanine powder, the isotropic average of individual singlecrystallite alignments is considered [34, 46, 47] . A molecule of alanine has the chemical formula C 3 H 7 O 2 N; its zwitterionic form structure [45] is illustrated in Fig. 1 . Except for the oxygen nuclei which practically have no spin and are neglected in the following, all other nuclei 13 C, 15 N and 1 H have spins ½ (since nitrogen spins are of little interest, for simplicity below we consider isotopically purified sample without 14 N spins). The three chemically nonequivalent carbon sites are commonly referred to as C O , C α , and C β . Among the nuclei, the protons have the largest magnetic moment, and correspondingly the largest gyromagnetic ratio γ H ≈ 5.6 rad/(s T); the gyromagnetic ratios of the other spins are significantly smaller:
B. Hamiltonian of the system and characteristic energy scales
We consider a polycrystalline alanine sample in a strong static magnetic field (quantizing field) B 0 along the z-axis, which sets the proton Larmor frequency at 400 MHz. The sample is subjected to the magic angle spinning (MAS), i.e. the sample is rotated with a frequency ν r (below we take ν r = 10 kHz) around the rotor axis which makes an angle of 54.7°with the z-axis; MAS is often used in ssNMR to reduce the line width and increase spectral resolution [34, 35] .
The Hamiltonian of the system includes the single-spin Zeeman energies and the pairwise dipolar couplings. In the reference frame rotating with the Larmor frequency around the z-axis, the secular part of the Hamiltonian has the standard form [34, 35] 
where the bare Zeeman energies (the terms γ i B 0 S iz ) of different spin species ( 13 C, 15 N, and 1 H) are eliminated by the rotating frame transformation. The time dependence of the Hamiltonian terms is caused by the MAS, and is periodic with the rotor period T r = 1/ν r = 0.1 ms; correspondingly, all observables in the figures below are shown at times commensurate with T r .
The term H CS (t) describes the chemical shift, i.e. small deviation from the reference Larmor frequency of a given nuclear spin, caused by the finite electronic density near the nucleus:
where ∆ω jz = δ zz,j γ j B 0 , and γ j is the gyromagnetic ratio of the j-th spin, and δ zz is the (z, z) component of the chemical shift tensor for the j-th site. The chemical shift is generally anisotropic; it is described by a symmetric rank-2 tensor [34] . The principal axes of this tensor are determined by the electronic density around the nucleus, and thus depend on the local crystalline symmetry. When the chemical shift tensor is transformed to the laboratory reference frame [13, 33, 34] , its (z, z) component, and the resulting value of ∆ω jz , depend on the orientation of the given crystallite with respect to the quantizing magnetic field (z-axis), and change in time because of the MAS [13, 33, 34] . In alanine, the chemical shift tensor for C β and C α sites is moderatly anisotropic, its entries are of the order of 6-12 kHz, while for C O site it is strongly anisotropic, with the entries varying from +2 to -10 kHz [48] . The chemical shifts of the protons are isotropic, with the magnitude of order of 1-3 kHz [49] . Here and below we follow the standard convention, setting = 1, and expressing energies in rad/s or in Hz (1 Hz equivalent to 2π rad/s).
The term H DD (t) describes the dipole-dipole interaction
The dipole-dipole couplings are calculated in a standard way using the coordinates of the atoms in the alanine crystal, i.e. A ij (t) = γ i γ j (1 − 3 cos 2 θ ij (t))/r 3 ij , where γ i and γ j are the gyromagnetic ratios of the i-th and j-th spin, r ij is the distance between them, and θ ij is the polar angle of the vector connecting the i-th and j-th sites; note that this angle depends on the orientation of a given crystallite with respect to the z-axis, and changes in time in a periodic manner due to the MAS. The standard notations of "like" or "unlike" spins denote the spins belonging, respectively, to the same or different spin species (e.g. 13 C and 1 H), i.e. having the same or different gyromagnetic ratios.
The flip-flop transitions which cause the spin diffusion are mediated by the transverse dipolar coupling term S ix S jx + S iy S jy = are rising and lowering operators. These terms are absent for the dipolar couplings between the unlike spins because the mismatch in Zeeman energies is large (hundreds of MHz), while the typical dipolar couplings rarely exceed few hundreds of kHz. In our specific system, within the strongly coupled groups, such as methyl (CH 3 ) and amino (NH 3 ) groups, the 1 H-1 H and the 13 C-1 H couplings are of the order of 30 kHz. The typical couplings between the protons belonging to different groups or different molecules are of the order of 5-10 kHz.
The C-C couplings within the molecule are ∼ 2 kHz for the C α -C β and C O -C β pairs, i.e. noticeably smaller than the Zeeman energy differences caused by the chemical shifts. Thus, the interaction with the proton subsystem, which can absorb this energy mismatch, is critical for thermalization between the C spins.
At the characteristic temperatures of the ssNMR experiments, the protons within each methyl and ammonium group randomly interchange their positions at the timescale of the order of 1 ns [46, 50, 51] . This is much faster than the characteristic times of the spin dynamics (microseconds to seconds). These fast jumps have to be accounted for by averaging H tot (t) over the corresponding sites for all spins within each group.
IV. NUMERICAL SIMULATIONS OF THERMALIZATION DYNAMICS
We numerically simulate the dynamics of the manyspin system, which includes an alanine molecule and a number of protons around it; the total number of modeled spins was between n s = 4 (only C and N sites) and n s = 24 (one molecule and 13 protons around it). The surrounding protons are added individually for aliphatic sites, and in groups of three for methyl and ammonium groups. We directly solve the timedependent Schrödinger equation with the Hamiltonian (2) for the many-spin wavefunction, represented as a 2 nsdimensional vector, using the 4-th order Suzuki-Trotter expansion for the evolution operator [52, 53] , with the timestep 2 µs.
The initial state of the system corresponds to the typical experiment, with one polarized 13 C nuclear spin and the rest being unpolarized: different C sites are addressable due to their different chemical shifts [33, 41] , and can be individually polarized, manipulated, and measured. Since the typical temperatures of ssNMR correspond to the large-temperature limit for the nuclear spins, the normalized relevant part of the density matrix is [34] 
where the first term describes the C O spin and I rest , which is proportional to the unit matrix (so that Tr[I rest ] = 1), describes the rest of the system. In our simulations the density matrix I rest was represented, with exponential precision, by a random wavefunction, i.e. by a d-dimensional vector of complex numbers, with the entries drawn randomly from the uniform distribution on a (d − 1)-dimensional complex unit sphere [54, 55] , where d = 2 (ns−1) is the dimensionality of the Hilbert subspace corresponding to the unpolarized rest of the system.
To model the standard polycrystalline powder sample, we averaged the spin polarizations over a large number (in most cases, over 200) of randomly oriented crystallites. The quantity of interest for us is the timedependent polarization P z (t) ≡ Tr [2S z ρ(t)] on different C sites. Since the flip-flops occur only between the 13 C spins, the total polarization of the 13 C subsystem remains constant. In the case of complete thermalization, at long times we have
A few notes are in order. First, our test simulations have shown that the results obtained with two alanine molecules and several protons around them are practically the same as the results obtained with a single molecule and protons around it. The spin diffusion between the C sites of different molecules is small, and the dynamics of all 13 C spins in the sample can be reproduced by modeling a single molecule. Second, we also simulated the spin diffusion with other initially polarized 13 C spins (not shown here); the simulations show that our conclusions about the spin diffusion rates and emergence/quenching of thermalization do not depend on the choice of the initially polarized C site.
V. SPIN DIFFUSION IN ALANINE:
NUMERICAL RESULTS
A. Magnitude of local fields
The spin diffusion is controlled by the (quasi-)random magnetic field created by the surrounding proton spins at the carbon sites, e.g. at the C O site: where the summation is over the set P of proton sites, and A j,O (t) is the parameter of the dipolar coupling between the C O spin and the j-th proton (including the time modulation by MAS), see Eq. 4. It is instructive to calculate the magnitude of this field as a function of the number n p of protons included in the modeled system. The average of this field is zero for unpolarized protons, while the second moment
is finite, and includes quantum-mechanical averaging, time averaging over the rotor period T r , and averaging over the crystallite orientation (i.e. the integral over the group Ω of all 3D rotations R of the crystallite, weighted with the ter Haar measure dµ R ). The dispersion of the random field B O (n p ) can be expressed as
and can be directly calculated from the known crystal and molecular structure, where . . . R denotes average over the crystallite orientations. Since the dipolar coupling decays with distance r as 1/r 3 , and its square as 1/r 6 , the variance for an infinite (i.e. macroscopic-sized) sample B O (∞) is well defined, and is determined almost completely by only several (7-10) nearby protons. This dependence is shown in Fig. 2 , where B O (n p ) is plotted for the C O site and n p increases as the protons are added one by one according to their distance from C O .
B. Spin diffusion between C sites
While the "far away" protons add very little to the local field at the C sites, they play crucial role in the spin diffusion in the 13 C subsystem, as seen from Fig. 3 . We start from simulating thermalization in a single molecule with all protons removed, and observe an almost static P z (t) (Fig. 3, solid line) , as expected: without protons the difference in the chemical shifts between the C sites is too large for spin diffusion to happen. Next, we add protons, and simulate a single molecule of alanine (dashed line), which contains seven protons. The second moment of the local field, given by Eq. 9 above, for n p = 7 reaches 80% of its maximum value. Initially, the polarization P z (t) diffuses from C O to other sites, but after ≈ 5 ms it saturates at the values which are very far from thermalization. With further increasing the number of proton spins, the saturation value of P z for C O decreases, but still does not reach its thermalized value 1/3. Only when we include 7 nearest protons from other molecules, we see a onset of thermalization in the 13 C subsystem, although the magnitude B O of the random field changes very little in this range of n p . After that, including more and more protons in the simulations does not change the behavior of P z (t) much. These results clearly demonstrate our main point: the "far away" proton spins significantly affect spin-diffusion dynamics almost without affecting the local field B O (n p ). In order to identify the key factor controlling the thermalization, we investigate an onset of chaos in the dynamics of the proton bath as the number of protons changes from n p = 7 (single alanine molecule, no thermalization) to n p = 14 (a molecule with 7 additional protons, thermalization). As a signature of chaos, we use the statistics P (s) of the nearest level spacings s [17, [56] [57] [58] [59] , which is a standard spectral measure of nonintegrability in quantum systems. As seen in Fig. 4 , for n p = 8 protons the shape of P (s) is close to the Poisson distribution P P (s) = exp(−s), characteristic for integrable quantum system. As n p increases, the shape of P (s) gradually changes, and for n p = 17 almost coincides with the orthogonal Wigner-Dyson distribution P WD (s) = s π 2 exp(−s 2 π 4 ), which is a hallmark of the quantum chaos in the system. The closeness of the distribution P (s) to the chaotic or integrable case can be quantified with the parameter
where s 0 is defined as the smaller value satisfying P P (s 0 ) = P WD (s 0 ) [58, 60] ; so that η = 1 corresponds to a purely Poisson distribution, while η = 0 corresponds to the Wigner-Dyson statistics. Fig. 2(b) shows that the parameter η monotonically decreases from 0.8 to 0.4 in the same region n p where the onset of thermalization within the C subsystem is observed. It is also instructive to look closer at the initial change of the spin polarization P z (t) at the C O site, see Fig. 5 . For n p ≥ 7, we observe that the initial rate of spin diffusion does not change much as the number of protons in the simulated system increases. This means that the initial diffusion rate stays approximately the same as long as the local-field dispersion B O (n p ) does not vary much. This is exactly what one would qualitatively expect from the Bloch-Redfield theory, which predicts that the rate Γ of the polarization transfer between two C sites is [33, 41] 
where A 12 is the dipolar coupling between the two C sites, δ is the difference in the chemical shifts, and
dω is the overlap of the zeroquantum NMR lines of the two 13 C spins, given by the convolution of their zero-quantum lineshapes f 1 (ω) and f 2 (ω) [33] . The zero-quantum lines overlap F ZQ is controlled primarily by the local random fields, so the rate Γ should not change much if B O does not change.
This standard logics breaks down at later times, when P z (t) saturates. For small number of protons, in spite of the same initial depolarization rate, the curve P z (t) saturates quickly and far from the thermalized value, since the overall dynamics of the proton bath is far from chaotic, and the local fields are far from random. In this regime, adding even a single extra proton changes the behavior of P z (t) at t ≥ 4 ms considerably, and noticeably lowers the saturation value. For larger proton baths, once chaotic behavior emerges, thermalization sets in, and P z (t) saturates at the value 1/3. After that, adding more proton spins from neighboring molecules does not change P z (t) significantly, as seen in Fig. 6 : even though n p increases from 14 to 20, the changes in the P z (t) are small even at very long times.
VI. CONCLUSIONS
We conclude that the nearby protons and the far-away proton spins, while both essential for the spin diffusion process, play very different roles. The nearby protons govern the dispersion of the local fields, and thus determine the short-time behavior 0 ≤ t ≤ 4 ms of P z (t). The long-time dynamics and thermalization between the C spins is governed by the far-away protons, which do not directly affect the local fields, but control the collective many-body dynamics of the proton bath. They ensure emergence of quantum chaos among the proton spins, and, as the spectral statistics P (s) shows, it is the emerging chaos in the proton bath that triggers thermalization among the 13 C spins. In this way, the far-away protons ensure the very existence of the strongly coupled proton spin bath, which is assumed in the Bloch-Redfield theories of spin diffusion.
The experimental ssNMR tests of this idea are possible by using the deuterated alanine samples, since deutrons have a noticeably smaller magnetic moment, and the dipolar coupling between deutron spins is about 10 times smaller than the coupling between nuclear spins. However, the quadrupolar coupling, and the related fast spinlattice relaxation characteristic for the deutrons (which have spin 1, in contrast with the proton spin 1/2), may also modify the spin diffusion between the 13 C spins; these effects should be taken into account in the future simulations.
